The main topic of the paper is the question of the existence of self-complementary Cayley graphs Cay(G; S) with the property S 6 = G # n S for all 2 Aut(G). We answer this question in the positive by constructing an in nite family of selfcomplementary circulants with this property. Moreover, we obtain a complete classi cation of primes p for which there exist self-complementary circulants of order p 2 with this property.
Introduction
All graphs we consider in this paper have neither loops nor multiple edges. For a graph ?, denote by V ? and E? the vertex-set and edge-set, respectively. Let ? be the complement of ?. A graph ? is said to be self-complementary if it is isomorphic to its complement ?. Denote by Aut ? the full automorphism group of ?. It easily follows that, for any graph ?, Aut ? = Aut ?.
A graph ? is said to be vertex-transitive if Aut ? is transitive on V ?. For a nite group G, let G # = G n f1g, the set of all non-identity elements of G. Self-complementary graphs are intriguing structures that have received (particularly in the last thirty years) a considerable attention (see 9, 12] for references). In 1962, H. Sachs started to study self-complementary vertex-transitive graphs and constructed some self-complementary circulant graphs. Since then, much work has been done on self-complementary vertex-transitive graphs (see 1, 3, 8, 13, 14, 18, 19] ), and many families of such graphs have been constructed (see, for example, 12, 13, 14, 18, 19] ). However, all the known self-complementary vertex-transitive graphs are Cayley graphs, and moreover, all of them are constructed using group automorphisms of the underlying group in the following manner :
For a nite group G, an element of Aut(G) induces an isomorphism from Cay(G; S) to Cay(G; S ). Accordingly, if we choose a suitable group G and a suitable automorphism such that maps a subset S to its complement G # n S, then we obtain a self-complementary Cayley graph Cay(G; S The main aim of this paper is to answer this question in the positive by producing in nite families of self-complementary circulants which are not SCI-graphs.
The notation and terminology used in this paper are standard (see, for example, 2, 17]). In particular, for integers m and n, m n denotes that m divides n, and m n denotes that m divides n and n=m is coprime tom. For a positive integer n, let Z n = f0; 1; : : : ; n?1g, the additive cyclic group of order n. Throughout the paper, we reserve p to denote an odd pime. Then Aut(Z p ) = Z p?1 and Aut(Z p ) acts regularly on Z # p .
The following concepts will be of particular importance for our constructions.
For any positive integer k such that 2 k is a divisor of p ? 1, let k be an element of Aut(Z p ) of order 2 k .
( The next theorem extends the above results and presents a construction of selfcomplementary circulants that are not SCI-graphs for more orders n. Theorem 1.3 Suppose that n is a positive integer such that p 2 n for some prime p and Cay(Z n=p 2 ; R) is self-complementary for some R Z # n=p 2 . Let i;j denote the Cayley graph Cay(Z n ; (R + Z p 2 ) S i;j ): Then i;j is self-complementary. Further, if i 6 = j then i;j is not an SCI-graph, and if i; j 2 and R = R ?1 then i;j is undirected.
Note that there exist directed self-complementary circulants of order n if and only if n is odd, and there exist undirected self-complementary circulants of order n if and only if every prime divisor of n is congruent to 1 modulo 4 (see 3]). Therefore, by Theorem 1.2, if n is odd and divisible by p 2 , p 1 (mod 4), then there exist directed self-complementary circulants of order n which are not SCI-graphs; if every prime divisor of n is congruent to 1 modulo 4 and at least one of the prime divisors appears in at least a second power and is congruent to 1 modulo 8, then there exist undirected self-complementary circulants of order n which are not SCI-graphs.
2 The self-complementary circulants of order p To prove the above theorems, we introduce some basic results concerning self-complementary circulants of prime order.
First we prove a simple property of the set S k de ned by formula (2). 
such that o( 1 ) = 2 j for some j and o ( 2 ) is odd.
Since o( 2 ) is relatively prime to 2 j , there exists an odd integer u such that o( 2 )u 1 (mod 2 j ). Hence
and S S 1 k = S k , which now contradicts the choice of 1 . It follows that 1 = i k for some odd integer i, and 2 k o( ).
A Cayley graph Cay(G; S) is called a CI-graph (CI stands for Cayley Isomorphism)
of G if, for any subset T of G # , S = T for some 2 Aut(G) whenever Cay(G; S) = Cay(G; T). Obviously, any CI-graph that is self-complementary is also an SCI-graph. A classical result of Turner 16] states that any circulant of prime order p is a CIgraph. This has been further extended by Muzychuk 10] who succeeded in showing that any circulant of order p 1 p 2 : : : p k , a product of distinct primes, is necessarily a CI-graph. We shall also need the following result about CI-graphs of odd order proved in 6, Theorem 3.1] that happens to cover the above mentioned result of Turner as well.
Proposition 2.2 Let G be a nite group of odd order, and let ? be a Cayley (di)graph of G. Let A = Aut ? and A 1 the stabilizer of 1 in A. If (jGj; jA 1 j) = 1, then ? is a CI-graph of G. In particular, if jGj is a prime, then ? is a CI-graph.
The following is a proposition about the graphs Cay(Z p ; S k ) constructed from the set S k de ned by formula (2). To prove the converses of the last two statements of our theorem, consider rst the case 8 6 p ? 1 and suppose that ? is an undirected self-complementary circulant of order p 2 which is not an SCI-graph. Then ? = Cay(Z p 2 ; S) for some S Z # which is a contradiction. Hence h = 1, namely, a = (1 + kp) a. Thus (p a) = p a and for any integer i 1, a that is, Cay(Z n ; S) is self-complementary.
Suppose that Cay(Z n ; S) is an SCI-graph. Then S = Z # n n S for some 2 Aut(Z n ). Note that an element x 2 S is of order dividing p 2 if and only if x 2 S i;j , and an element y 2 Z # n n S is of order dividing p 2 
